— Weak o-bases —

Let M be a module with an involution o.
A weak o-basis of M is a triple [EY, E¥, E~] of subsets of M such that

the union
B=E'UcE°UETUE"

is disjoint, B is a basis of M and
oe =emod (E° UoEP) for e € ET,
oe=—emod (E° UoE®) fore € E.

We write B = [E°, E+, E~] for short.

Note that
mt=m*t(M)=|ET|and m~ =m~ (M) = |E™|
are invariants of M. We have

HO(o, M) = F}" and H'(o, M) = FJ"" .



— Examples —

A ={a,0a,b,0b}, £ = {Z x}:

r€A
[{a,b},0,0] defines a weak o-basis of (A),

[{a},0,{b}] defines a weak o-basis of (A4)/(E).

Let
B =[E", EY,E~] be a weak o-basis of M.
C = [FY, F*, F~] be a weak o-basis of L.
Then [G°,GT,G~] € M x L with
GO'=(E°x C)U(E+ x FO)U (E~ x FY),
Gt =(EtxF")U(E™ x F7),
G = (Bt x F)U(E~ x F)

defines a weak o-basis of M ® L.



— Exact Sequences —

Let [E°, E*, E~] be a weak o-basis of M. Then
EY U E* defines a basis of M = M/ kerp(o + 1).

Lemma 1 Given an exact sequence
0—-M—L—K-—D0. (%)

Let [FO, F* F~] C L define a weak o-basis of K. If (x) splits over o then
E°UEtT UFYUFt defines a basis of L.

Lemma 2 Let

0=LOW<W<...<O<...<[ = UL(i)'
=0

be a chain with the property that for every i € N there exists a module M®

such that the sequence
0— LD 5 10 5 p@

is exact and splits over o. If BSE) C LY defines a basis of MJ(:) foralli e N

then U BSZ) defines a basis of L.
i=1



— Mén-systems —

Let A be an appropriate indexing set and for d € A:

M, a module,
Eq € My,

ng: & — @ M; a mapping.
t<d

Then we call the module £ = N/Q with

N = M,

teA

Q= Z<r+nt(7"); r e &)

teA

the combination of the system I'= (Mg, £4,1n4)deA-

Theorem 1 IfT is combinable and splits over o (two technical conditions)

we have:
1f BY C My defines a basis of (Ma/(E4))+ for cach d € A then | | B C

deA
@ My defines a basis of L.
deA



— The Cyclotomic Module —

Let

Gg={1<b<d; (b,d)=1}, cb=d—1bfor b e Gy,
A,={0,...,p—1}, oca=p—1—aforacA,.
Write 3(S) for Zs.

ses

Define the cyclotomic module Z(n) as follows:
For n = p prime let Z(p) = (Gp)/(E(G)p)).-

Forn=q=p% a>1let
Z(q) = <Gq/p> ® <Ap>/<E(Ap)>~

Forn=q g let Zn)=Z(q1)® - @ Z(q)-

Lemma 3

Z(n) = My /(En)
where M, = (G,) and
En = {s(n,p,a); p|n with p prime, a € G/}

with
s(n,p,a) = X({z € Gy; x =amod (n/p)}).



— The Cyclotomic System —

The nth cyclotomic system I'(n) is defined as a system (Mg, £4,04)ajn
with

Mq = (Ga),

&, as before if d is not prime, else £; = 0,

ng: gd — @ Mt
t|d,t£d

s(d, pra) H{ [ ~[d/pia] i p?Id,

d/p;p~ta] — [d/p;a] if p?|d,

where [m; z] means y € G, with z = y mod m.

We denote the combination of I'(n) by L(n).

Lemma 4

If 4 / |n then T(n) s combinable and  splits

over o.
If 4n we can make some modifications to get a similar result.

— we can construct a basis of L(n)y by weak o-bases of the modules
Ma/(€q)-



— Cyclotomic Numbers —

Let €4 be a primitive dth root of unity. We call
DM = (1 — eq; a € Gg, dn)/(Len)

the group of the nth cyclotomic numbers.

Lemma 5 The sequence
0—T— L(n)/(1—-0)L(n)L DM -1 (%)

where T is the torsion group of L(n)/(1 — o)L(n) is exact. The homomor-
phism p is defined by the maps pg : Gg — D™, a+— 1 — €4 for dn.
— From () follows L(n)y = D™,

Let D) = D™/ T[ D@.
d|n,d#n

Theorem 2 Let E\d C D™ define a basis of 5(\50.

(a) U By is a basis of D™ if 4 fn.
dn

(b) {1 —e€s} U U By is a basis of D™ if 4|n.

d|n
d#2,4



— Cyclotomic Units —

Define the group of nth cyclotomic units by
Cc™ = DM N (Z[en]/ (xen)).

Let C) =™/ [ €.
d|n, d#n

The connection between cyclotomic units and cyclotomic numbers is given

by the two isomorphisms

—

C() = D) if n is not a prime power,

1 — o
C(@%(l i a € Gg) < DW if n = q is a prime power.
—

Theorem 3 IfB\d C C™ defines a basis of C/’(E) for d|n then B, = U B\d
dn
is a basis of C'™).
— U By defines a basis of C(>) = U o@D,
deN deN



— Relations of Cyclotomic Units —

Consider again the exact sequence

0—T— L(n)/(1—0)L(n) — D™ - 1.

There are three kinds of relations in D).

Norms: Ng(e,)—qQ(e,) (1 — €n) € D@
for instance: (1 — e18)(1 — €1g)(1 —€ld) =1 — €6
— relations in £(n).
Complex conjugation:
l—ep=—€l— €, =—€(1—¢;1)
— factoring out (1 — o)L(n).
Ennola-relations: ...

— T.
Ennola-relations can be constructed explicitely by means of o-bases. We

have
T2 Ho, L(n)) = F FOD),



— The Stickelberger Elements —

A similar construction as for the group of cyclotomic units can be done for
the Stickelberger ideal. Let I, the ideal generated by the Stickelberger

elements

O(a) = Z (—ar/n)r™!

TeGn

and w, = X(G,) for n odd and w,, = 3%(Gy,) for n even. Then we have an

exact sequence
0—T — L(n)/(1+0)L(n) = In/{wn) — 0.

where T is the torsion group of £(n)/(1+ ¢)L(n). The homomorphism v is
given by the maps
vg:Gg— I, a— 0(an/d).

So with the same mechanism used for cyclotomic units we can construct

bases and relations, especially Ennola-relations for I,,.

10



